Abstract. An admissible function constructed by orthogonal polynomials is presented to investigate the vibration and active flutter control of Honeycomb sandwich plate with general elastic support in a supersonic airflow. The control strategies based on the displacement feedback and LQR method are applied by means of pasting the piezoelectric material on the surface of the plate structure. Employing the first-order piston theory to describe the aerodynamic loads, the governing equation of plate system with the piezoelectric actuator is established based on the Hamilton principle. The mode shapes are obtained using the admissible functions, which are a set of characteristic orthogonal polynomials generated directly by employing the Gram-Schmidt process, and the general elastic constraint is modeled using the artificial spring technology. The frequency and mode shape under different boundary are calculated by Rayleigh-Ritz method. The validity of the proposed approach is confirmed by comparing the results with those obtained from FEM and literatures. The phenomenon of mode jumping is observed with the increase of the aerodynamic pressure. The study of active control shows that, the increasement of displacement feedback gain improves the critical dynamic pressure.
Introduction
For the construction and design of the lightweight systems, the weight saving is one of the major considerations. A kind of sandwich structure is often used to meet this requirement. Nowadays, thermal protection mechanism of reusable launch vehicles, solar housing, shrouds of spacecraft are in extensive use of honeycomb sandwich structures. Honeycomb sandwich plate is composed of two layers of strong, thin face sheets and a layer of thick but light honeycomb core. Generally, honeycomb core acts as a connecting and supports the face sheets [1] . In the engineering area, there are three equivalent models for mechanical analysis of sandwich structures. For the hexagonal honeycomb plate, these methods are divided into the sandwich theory, cellular equivalent plate theory and equivalent plate theory. The first method is only used to get an equivalent anisotropic plate of the honeycomb core, and the others are adopted to obtain an equivalent plate for the whole honeycomb sandwich plate [2, 3] . By using the three equivalent methods, the natural frequencies of a honeycomb sandwich panel including two load cases were calculated by Xia [3] . The computational results showed that all of the three equivalent methods were reliable and practical in the satellite structures. Paik [1] constructed an isotropic plate using the equivalent plate theory, subjected to a tensile, bending and torsion tests. It was found that the experiment results of honeycomb sandwich plate were close to the equivalent plate. Surveying the open literatures, the problems from the aspects of mechanical analysis of the honeycomb sandwich plate have been resolved [4, 5] , however the aeroelastic analysis is rarely carried out. Moreover, the research on the vibration and flutter problem of the plate structure with general elastic support is rarely found.
Currently, the calculations for the flutter problems mainly include the Galerkin method and finite element method [6, 7] , which are used to disperse the partial differential equations into a set of ordinary differential equations. Due to the fact that there are no exact modal functions for the general elastic boundary structure, the scholars focus on the flutter analysis of structure with simply supported boundary. For the problem that how to realize the general elastic support, some scholars have discussed the frequency characteristics of simple structures. Amabili [8] used the artificial springs to study the vibration problems of cylindrical shells with complex boundary constraints, where the modes in the less-restrained condition were applied to expand the solutions of displacement. The free vibration of composite laminated shells under elastic boundary was studied by Jin [9] using Rayleigh-Ritz procedure, in which the displacements were expressed by a Fourier cosine series and the effects of boundary restraining stiffness on the frequency were illustrated. Mahi [10] investigated the free vibration problem of the composite panels with different boundaries, employing a series of polynomials associated with the Rayleigh-Ritz method. Ye [11] discussed the free vibration of laminated composite shallow shells with general elastic boundaries. Zhang [12] proposed a method to solve the vibration problem of plates under the elastic edge restraints, where the rotational and translational restraints were applied to an edge. Lin [13, 14] presented an admissible function to investigate the vibration and flutter problem of laminated plate and FGM cylindrical shells with arbitrary boundaries. However, the frequency and modes under elastic support are rarely used to solve the complicated problem, such as the flutter, response and control problem. Due to the fact that a large number of Fourier cosine series, polynomials or other forms are required based on the admissible function, which makes the expression of the mode function complicated.
The active control study on the vibration and flutter of plate and shell structures never stops, especially when the smart materials and piezoelectric materials have been widely used. Hajela [15] implanted piezoelectric material inside a composite plate to study the plate flutter problem using the finite element method. Balamurugan [16] employed different active control methods to investigate the dynamics problems of structure based on the distributed piezoelectric actuators and sensors, which were embedded on the upper and lower surfaces of structure. Li [17] designed the displacement and acceleration feedback control algorithms, to realize active flutter control of panel structure using the piezoelectric material. Kim [18] used the aeroelastic modes and self-induced actuators to control the panel flutter, and the location configuration based on the position feedback gain control and the Kalman filter gain method were optimized. Song [19] investigated active aeroelastic flutter control of supersonic composite laminated plate with the piezoelectric patches.
In this paper, a general classical plate theory in conjunction with Gram-Schmidt polynomials and Rayleigh-Ritz procedure is developed, where each displacement component of the plate structure is expanded as orthogonal polynomials form in both directions. The solution procedure of active flutter control is divided into two steps, first obtaining the frequency and mode of the plate based on the Rayleigh-Ritz method, in which the boundary support is formulated by the artificial spring. The different boundary conditions can be realized by setting the stiffness value of artificial springs to be extremely large, small or arbitrary. The equivalent plate theory is adopted to facilitate the honeycomb sandwich plate. Then, the mode shapes and generalized coordinates are taken into the Hamilton equation to derive the governing equations of the plate system. A convergence analysis of the polynomials number on the natural frequency is carried out. The proposed approach is proved by comparing the frequency and flutter pressure with FEM and literatures. The active control strategy based on the displacement feedback gain and LQR method are applied using the piezoelectric material. The effects of displacement feedback gain on the critical dynamic pressure and response are highlighted.
Theoretical formulation
The typical honeycomb sandwich plate is composed of two face sheets and a honeycomb core, 2904 . A UNIFIED GRAM-SCHMIDT-RITZ FORMULATION FOR VIBRATION AND ACTIVE FLUTTER CONTROL ANALYSIS OF HONEYCOMB SANDWICH PLATE WITH GENERAL ELASTIC SUPPORT. HUAGANG LIN, DENGQING CAO shown in Fig. 1 . The Honeycomb core and face sheet materials are aluminum, , and are elastic modulus, shear modulus and density, respectively. The length and width of the honeycomb sandwich plate are and . The core, face sheet and the entire honeycomb sandwich plate thickness are ℎ , ℎ and , respectively. And and are a unit cell size and the thickness of the honeycomb core. Index and represent the core and the face sheet. 
The equivalent model of honeycomb sandwich plate
Generally, there are three equivalent models for mechanical analysis of the honeycomb sandwich structures, the sandwich theory, cellular equivalent plate theory and equivalent plate theory. The validity of the equivalent plate theory is verified by Paik tests [1] , which gives the elasticity modulus and thickness of plate according to the equal principle of stiffness and density, ultimately making the honeycomb sandwich plate equivalent to an isotropic plate. Supposing the sheet satisfies Kirchhoff hypothesis, the equation can be obtained according to the equivalent bending stiffness:
where, , are the equivalent elastic modulus and thickness of the plate, is Poisson ratio. Using the equivalent principle between the equivalent plate and honeycomb sandwich plate, the equation can be written as:
The equivalent plate parameters are finally obtained based on Reissner theory [2] :
where, is the average mass density of honeycomb core, = (1.54 ⁄ , where the core is equivalent to the orthotropic material, and the face sheet is treated as the isotropic material. The material parameters of core layer are determined by means of model using the energy method:
where, ( = , , ) is the elastic modulus of honeycomb core, , and are the shear modulus of honeycomb core, is the density of the honeycomb core. The FEM result using the sandwich theory is regarded as the reference value.
Constitutive relation of equivalent sandwich plate and piezoelectric material
The equivalent plate structure with the piezoelectric layer in a supersonic airflow, is shown in Fig. 2 . The length, width and thickness of the plate are , and respectively, the airflow is along the x axis direction. The artificial springs are distributed on the edges of plate to model the elastic support conditions. The different boundaries can be obtained by accordingly setting the artificial spring stiffness to be extremely large, small or arbitrary value. The piezoelectric actuator is pasted on the upper surface of plate, the position coordinates are ( , ) and ( , ). The plane displacements , and transverse displacement of the plate are expressed as:
where, is the coordinate of any point along the -axis direction. The strain-displacement relation is written as:
where, , and are the strains in , direction and shear strain in -plane, respectively.
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The constitutive relation of the plate structure is:
where, , and are the stress in , direction and shear stress in -plane, respectively.
The constitutive relation of piezoelectric layer is expressed as: 
where, , and are the stress of piezoelectric material in the , direction and shear stress in -plane, respectively. , and are the piezoelectric constants, dielectric constant and electric displacement, respectively.
is the electric field strength in the direction:
where, ℎ is the thickness of the piezoelectric layer, ( ) is the applied voltage. The total kinetic energy of the plate system with the piezoelectric layer is calculated as:
where, and is the volume of the plate and piezoelectric layer, is the density of piezoelectric material.
The total potential energy of the plate system with the piezoelectric layer is calculated as:
where, and are the strain vector and stress vector of plate structure, and are the strain vector and stress vector of piezoelectric layer.
The simulation of general elastic support boundary
The artificial springs are used to describe the connection between the plate and the support members. The springs are evenly distributed on the edges of the plate, and the elastic supports adopt the tension spring and torsion spring, where the corresponding stiffness are and , shown in Fig. 3 . The key of the remaining problem is to find the admissible functions to expand the displacement components of the plate structure, which are introduced in Part 2.4.
Since the artificial springs have no mass, only the potential energy is calculated as:
where, ( ) , ( ) , ( ) , ( ) and ( ) , ( ) , ( ) , ( ) are the stiffness of the tension spring and torsion spring at = 0 and = , = 0 and = , respectively. 
Method of solution
The Rayleigh-Ritz method is used to obtain the frequency and mode functions. The transverse displacement can be expressed as:
where, is the circular frequency, ( , ) is mode shape which can be determined by Gram-Schmidt orthogonal polynomials, i.e.:
where, is the unknown coefficient, ( ) and ( ) are the orthogonal polynomials in the and directions, respectively. and are the truncation number of polynomials. Substituting Eqs. (5-7) into Eq. (12) , only the potential energy of plate structure is considered:
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where, = ⁄ , = ⁄ . Substituting Eqs. (14, 15) into Eqs. (11, 13, 16) , the Rayleigh quotient to corresponding factors is written as:
The minimizing condition with energy function yields the generalized eigenvalue problem:
where, and are × matrices, = , , ⋯ , . The matrices , and are determined as: 
where, is the stiffness matrix of vibratory stress, is the stiffness matrix of the artificial springs, = 1,2, … , , = 1,2, … , , = 1,2, … , , = 1,2, … , .
The construction of Gram-Schmidt orthogonal polynomials is as follows, giving the first term of orthogonal polynomial cluster ( ) , which satisfies the certain boundary condition. According to the steps of orthogonal polynomial cluster configuration, the remaining items can be calculated as:
where, =
. Each polynomial is normalized as:
If the first term satisfies the geometry boundary conditions, it is easy to verify that other terms do. The relationship between any two orthogonal polynomials is:
The first item of polynomials with different boundary conditions is shown in Table 1 . The letter, F represents for freedom, C for clamped, S for simply supported. 
The governing equations
Using the mode function ( , ) in Part 2.4 to derive the governing equation based on the assumed mode method, the displacement of the plate is written as the following form:
where, ( ) is the generalized coordinate, is the corresponding mode function obtained from the Rayleigh-Ritz approach, and are the modal order, and:
Substituting Eq. (26) into Eqs. (11) (12) , the expressions of potential energy and kinetic energy can be obtained:
where:
The potential energy of the plate system with the piezoelectric layer is expressed as:
The aerodynamic pressure caused by the supersonic flow can be described by the quasi-steadyorder piston theory, which has a good accuracy in the Mach number √2 < < 5, the expression can be written [17, 20] :
where, = − 1 ⁄ , = ( − 2) ( − 1) ⁄ / are the aerodynamic stiffness and aerodynamic damping coefficient, respectively. , and are the free flow density, flow velocity and Mach number.
The virtual work can be expressed as:
where, is the external force, Δ is the aerodynamic load, is the plate area, and is the damping coefficient, , are the damping and aerodynamic stiffness matrix, respectively:
The governing equations of the plate system is established based on Hamilton principle:
where, , and are the virtual work of the kinetic energy, strain energy and external loads. Substituting Eqs. (27-28) and Eq. (30) into Eq. (31), the final motion equation is:
where, , and are modal mass matrix, stiffness matrix and electro-mechanical coupling matrix, respectively.
Active control strategy
Flutter control based on the displacement feedback method
The piezoelectric material can be used to design sensors and actuators [17] . In this paper, a voltage is applied on the piezoelectric material attached to the surface of the structures, which is designed to the piezoelectric actuator. The centre position displacement of plate is designed as an input, and the voltage value is calculated by the control strategy. The control voltage of the actuator based on the center position displacement can be written as:
where, is a piezoelectric actuator feedback control gain, ( , , ) is the center position displacement of the plate structure.
Substituting Eq. (26) into Eq. (33):
Substituting Eq. (34) into Eq. (32), the control equation can be obtained:
where, = ( , ).
Flutter control based on the LQR method
The LQR method is adopted to control the flutter problem of plate structure, the governing equation is converted into the form of state space:
where is the state vector. The LQR algorithm is regarded as a feedback control, making the objective function to obtain the minimum value, and the objective function is usually proportional to the system response. The objective function is defined as:
where, and are positive definite and semi-definite matrix, which represent a measure of the effect of input and output on the control result. The feedback voltage can be determined:
where, = is a feedback gain, can be calculated from the Riccati equation:
For the LQR control algorithm, the Lyapunov function of the system is defined as:
First derivative of time on Eq. (40), the equation can be written as:
It is noted that the Lyapunov function of the system is negative, the system is asymptotically stable, and the critical flutter point can disappear.
The solution of motion equation
Substituting the vibration displacement of plate, ( ) = into Eq. (35):
The condition of Eq. (42) having nonzero solution is:
Then, the complex eigenvalues are obtained:
where, the frequency and damping ratio of the structure are calculated:
The flutter is a kind of dynamic instability phenomenon. The critical dynamic pressure is a state parameter between convergence and instability, write . The non-dimensional dynamic pressure can be defined as [21] :
One can find out the critical dynamic pressure by inspecting the maximal real part of
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eigenvalues. Moreover, it is found without considering the damping, the critical dynamic pressure coincides with the pressure when two consecutive low-level frequencies are equal. In this paper, the frequency coincidence theory is as the basis for the occurrence of flutter.
Numerical results
The material parameters and geometric parameters of Honeycomb sandwich plate and the piezoelectric layer are shown in Table 2 and Table 3 . The length and width of plate structure are 0.8 m, 0.6 m, respectively. 
Convergence analysis
To validate the proposed method, the results for the simply supported isotropic base plate are compared with the analytical solution in Table 4 , in which the bending stiffness of the base plate is = ℎ [12(1 − )] ⁄ . It is observed that the present results agree well with the analytical solution, where the number of Gram-Schmidt orthogonal polynomials is 8 in both and directions. Moreover, the first three mode shapes between FEM and present method are shown in Fig. 4 . Then, a clamped plate is taken as a numerical example to demonstrate the effect of the number of polynomials on the plate frequency. The parameters of Eq. (4) are calculated in the FEM model adopting the sandwich theory, and the model is shown in Fig. 5 . From the comparison between the FEM and present method in Fig. 6 and Table 5 , where an error variable is defined as (%) = |(Present( , ) − )⁄ |× 100, when three or four-numbers polynomials ( , ) are selected in and direction, the first two frequencies are close to the FEM results, however there is a big error for the high-order frequency. Moreover, with the increase of the number of orthogonal polynomials, the error for the high-order frequency is reduced. The frequencies of plate structure with different spring stiffness are given in Table 6 . As the stiffness value of the tension and torsion springs are 10 8 N/m and 10 8 N·m/rad respectively, the frequency will coincide with the result of the fixed plate, which indicates that the fixed boundary can be obtained by setting an enough large spring stiffness value. Moreover, the frequencies under elastic support agree well with the FEM results, which guarantees the validity of the proposed method and the following flutter calculation. 
Vibration characteristics of plate under general elastic boundary
The proposed method in this paper can be used to simulate all the classical boundaries by setting the artificial spring stiffness value. A comparative analysis for the plate under several classical boundaries is shown in Table 7 . It can be noted that the results using the artificial spring technology agree well with the FEM results. The natural frequencies of the plate with/without the piezoelectric actuators are listed in Table 8 . The addition of piezoelectric layer cannot significantly change the intrinsic property of the base plate structure, which is what we must achieve. Because the active vibration and flutter control are mainly realized by applying control algorithm, instead of just pasting the piezoelectric layer. 1  132  132  164  165  305  305  2  173  173  341  343  512  512  3  360  364  478  481  719  719  4  365  366  636  640  853  853  5  426  426  654  659  909  909 a) The first mode b) The second mode Fig. 7 . Surface graph of the relationship between the frequency and spring stiffness In order to demonstrate the effect of spring stiffness on the natural frequency, in Condition-1, the tension spring value of is fixed, = 10 supported boundary to the clamped boundary, shown in Fig. 7 . It is observed that when the spring stiffness value is 10 8 , the natural frequency of the plate converges to a fixed value, which is the frequency of the clamped plate. The torsion spring in the x direction has a more significant impact on the fundamental frequency. In Condition-2, the value of is fixed as = 10 9 (N·m)/rad in Fig. 8 . As the stiffness of the artificial spring is bigger than 10 8 N/m, the frequency of plate structure does not change with the increase of the spring stiffness. It can be concluded that the springs stiffness has a significant effect on the inherent properties of the plate structure, and the arbitrary boundary can be obtained by setting different stiffness value of artificial springs.
a) The first mode b) The second mode Fig. 8 . Surface graph of the relationship between the frequency and spring stiffness
Flutter and control analysis of honeycomb sandwich plate
The plate structures investigated by Zhao [22] and Li [17] are adopted to compare the critical flutter pressure with the present results, shown in Table 9 . It is observed that the present results agree well with the open literatures, which indicates that the proposed method and formula derivation for flutter calculation are valid. The simply supported and clamped plates are taken as examples to investigate the active flutter control problem. In Fig. 9 , the third and fourth order frequencies of the simply supported plate coincide in = 230 with the increase of dynamic pressure, then the coincidence between the second and fourth frequencies leads to flutter instability of the plate system in = 237. The mode jumping phenomenon appears in = 230. In order to better display the phenomenon, the mode shapes in = 220 and = 240 considering the aerodynamic loads are shown in Fig. 10 . It is observed that the third mode and the fourth mode interchanges. Under the action of the aerodynamic loads, the mode shapes of the plate structure have significantly changed.
The critical flutter boundaries of the plate system with/without active control input based on the displacement feedback method are shown in Fig. 11 and Fig. 12 for the simple supported and clamped plates, respectively. It is noted that with the increasing of the feedback gain, the critical dynamic pressure is improved, and a good control effect has been achieved setting different feedback gain. Moreover, the bigger the feedback gain is, the higher the critical dynamic pressure becomes. The critical dynamic pressure of the clamped plate is obviously higher than that of the simply supported plate, which indicates that increasing the boundary constraint stiffness can improve the aerodynamic stability of the system. The time history with/without the displacement feedback control in = 247 are shown in Fig. 13 and Fig. 14 , in which the non-dimensional displacement * = ⁄ , is the transverse displacement of the plate. Without the active control, the plate displacement continues to increase, and a divergence response occurs. After applying the active control, the divergence motion becomes a convergence vibration, and the plate response is suppressed. The time history under different control feedback gain is shown in Fig. 15 , it is observed that the bigger the feedback gain is, the smaller the response amplitude is, and the better results the active control can get. The critical flutter boundary with different spring stiffness is shown in Fig. 16 . With the increasing of the spring stiffness (0 < < 10 9
N·m/rad), the coincidence frequencies change from the coupling between the third and fourth mode to the coupling of the second and the fourth mode. Moreover, the mode jumping phenomenon occurs with increasing of the dynamic pressure. The critical flutter pressure can be improved by appropriately increasing the elastic support stiffness. The effect of torsion springs stiffness on the critical dynamic pressure is shown in Fig.  17 , here = 10 9 N/m. It is noted that with the increasing of torsion spring stiffness, the critical dynamic pressure is improved and eventually converges to a fixed value, which is the dynamic pressure of the clamped plate. When The flutter boundaries of the system with/without active control input based on the LQR method are shown in Fig. 18 and Fig. 19 for the simple support plate and elastic support plate, respectively. As the dynamic pressure is further increased after applying the LQR control strategy, the original coincidence frequencies expand backward indefinitely, and there is not an intersection, which indicates that the flutter is suppressed. The same phenomenon occurs for the elastic support plate in Fig. 19 . It can be concluded that the LQR control method can eliminate the flutter point rather than just improving the critical dynamic pressure. 
Conclusions
A unified Gram-Schmidt-Ritz formulation is proposed to solve the vibration and active flutter control problem of Honeycomb sandwich plate with general elastic support boundary. The effects of artificial spring stiffness and different boundary on the dynamic behaviors of the plate structure are discussed. Multiple new phenomena and conclusions can be drawn:
1) The proposed method using an admissible function constructed by Gram-Schmidt orthogonal polynomials to investigate the vibration problems of the elastic support plate, has sufficient accuracy. Moreover, with the number of orthogonal polynomials increasing, the precision of results will be improved.
2) The artificial spring stiffness can significantly affect the vibration characteristics of the structure, which results in the change of critical flutter boundary. A large stiffness of the support spring is helpful to improve the aerodynamic flutter boundary of plate structure.
3) With the increasing of the aerodynamic pressure, the phenomena of mode jumping and the alterations of coupled mode orders are observed. The study of active control shows that, an increase of the displacement feedback gain can improve the critical dynamic pressure. The LQR control strategy can eliminate the flutter point.
